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What We Need
Helicity amplitudes :       from HELAS

 Lorentz invariant phase space :

Problem dependent in general

General method exists if there is no 
singular kinematical variable

Numerical integration : BASES

Event Generation : SPRING

Tfi

dΦn



Helicity Amplitudes: HELAS
External Lines

Currents

IXXXXX(p, m, λ,±1,Ψi)

OXXXXX(p, m, λ,±1,Ψo)

4-momentum

mass

helicity particle

anti-particle

spinor

JIOXXX(Ψi,Ψo, GV , mV ,ΓV , V )

HIOXXX(Ψi,Ψo, GS , mS ,ΓS , S)

incoming spinor
outgoing spinor

mass

width

wave fun.
GV (1) : left

(2) : right

Ψi

Ψi

Ψi

Ψo

Ψo

Ψo

V

S

wave fun.



Virtual Fermions

FV IXXX(Ψi, V, GV , mX ,ΓX , Xi)

mass
width

incoming 
virtual spinor

Ψi

V

Ψo

V
FV OXXX(Ψo, V, GV , mX ,ΓX , Xo)

vector
incoming spinor

GV (1) : left

(2) : right

Xo

Xi

Xo

Xi

Ψi

Ψo

S

S

FSIXXX(Ψi, S, GS , mX ,ΓX , Xi)

FSOXXX(Ψo, S, GS , mX ,ΓX , Xo)

outgoing spinor outgoing virtual spinor

scalar



Vertices

V

Ψi

Ψo

S

Ψi

Ψo

IOV XXX(Ψi,Ψo, V, GV , A)

IOSXXX(Ψi,Ψo, S, GS , A)

incoming spinor
outgoing spinor

vector

GV (1) : left

(2) : right

amplitude

scalar

S

V V SXXX(V1, V2, S, GV V S , A)
V1

V2

Note: there are some more subroutines in HELAS (see manual)



Composition of Full Amplitude
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Note: there are some other diagrams
See physsim/top/TTHStudy









Phase Space

dΦn = (2π)4δ4
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n-body Phase Space

Recurrence Formula

dΦn = dΦ1+(nf−nr)



Pi → q +

nf
∑

f=nr+1

pf





dq2

2π
dΦnr

(q → p1 + · · · pnr
)

By repeatedly using this, we can reduce the n-body phase 
space to a product of 2-body phase space factors



Phase Space
2-body Phase Space

β̄(X1, X2) =
√

1 − 2(X1 + X2) + (X1 − X2)2

dΦ2 =
β̄((m1/M)2, (m2/M)2)

8π

dΩ

4π

M → m1 + m2

where

=
√

1 − 4X (X1 = X2 = X)

β̄(X1, X2) = 1 − X1 (X2 = 0)



Numerical Integration (BASES) 

∫
f(X) dX =

1

n

∑
f(X) Πi∆Xi

# sample points / cell

X1

X2

X1

X2

Grid 
optimization

Drop more points 
where |f| is large

Weighted sampling



Caution
The grid optimization is carried out based on the 
projection to each integration variable

If your singularity runs diagonally in your phase 
space, you are in trouble! 

Need to make an appropriate choice of 
kinematical variables

Watch your convergence table given by BASES. If 
you find your temporary estimates skip more than 
a few percents, your integration result is most 
probably incorrect!



Event Generation (SPRING)
At the end of the integration step, you know the relative 
importance of each cell and the maximum value of your 
integrand in that cell

Throw a dice to decide which cell you pick up

Decide the phase space point within that cell according 
to the usual hit-and-miss method

X1

X2f(X)

Pick up this cell

X2

X1

f(X)

|f |max

|f |max · Z ≤ f(X)

uniform random number in [0,1]

--> Accept this point

If



Sample Programs
Physsim

http://www-jlc.kek.jp/subg/offl/physsim/

Analysis examples in
physsim/Anlib/examples/jsf/


